In this work, we introduce an extended (3+1)-dimensional nonlinear evolution equation. We determine multiple soliton solutions by using the simplified Hirota's method. In addition, we establish a variety of travelling wave solutions by using hyperbolic and trigonometric ansatze. 
Introduction
The studies of completely integrable evolution equations are flourishing, by both physicists and mathematicians, because these equations describe the real features in a variety of science, technology and engineering fields. Mathematicians have been investing their works to develop and apply new methods for solving these integrable equations, whereas physicists usually look for the dynamical behavior of the physical systems. Many powerful methods were developed and used. The algebraic-geometric method [1] [2] [3] [4] [5] , the inverse scattering method, the Bäcklund transformation method, the Darboux transformation method, the Hirota bilinear method [6] [7] [8] [9] [10] [11] [12] [13] [14] , and others were thoroughly used to derive the multiple-soliton solutions of these equations. The Hirota's bilinear method and the simplified form of this method [10] possess significant features that make it practical for the determination of multiple soliton solutions [6] [7] [8] [9] [10] [11] [12] [13] [14] for a wide variety of nonlinear evolution equations. Moreover, the tanh method [15, 16] , the hyperbolic and trigonometric ansatze were used to determine single soliton solutions and periodic solutions as well. A (3+1)-dimensional nonlinear evolution equation
was studied in [1] [2] [3] [4] [5] , and in some of the references therein, to establish N-soliton solutions in order to confirm its integrability. The inverse operator ∂ −1 is defined by
under the decaying condition at infinity. Note that
The necessary conditions for the integrability of Eq. (1) will be determined. The (3+1)-dimensional integrable equation (1) was first introduced in [2] in the study of the algebraic-geometrical solutions. We can easily show that the relationship of the (3+1)-dimensional equation (1) and the Kortewegede Vries(KdV) equation is very strong [1] . This is due to the fact that the (3+1)-dimensional equation (1) possesses the KdV equation
as its main term 2 + − 2 under the transformations
Based on this, the (3+1)-dimensional equation (1) may be used to study shallow-water waves and short waves in nonlinear dispersive models.
In [2] , the (3+1)-dimensional nonlinear evolution equation is decomposed into systems of solvable ordinary differential equations with the help of the (1+1)-dimensional AKNS equation. In [3] , the perturbation technique and the Wronskian determinant of solutions were used to determine the N-soliton solutions for the reduced equation. In [4, 5] , multiple soliton solutions and multiple singular soliton solutions were obtained using the simplified Hirota's method. In the present work the (3+1)-dimensional model (1) presented in [1] [2] [3] [4] [5] is extended to a new form defined by
where two additional terms, namely 2( ∂ −1
) and where added to the standard equation (1) . As stated before, this proposed equation possesses the KdV equation as its main part similar to Eq. (1). Our aim is to study the influence of these additional terms on the results obtained in our works in [4, 5] . We also plan to derive multiple soliton solutions for the new (3+1)-dimensional equation (5) . The simplified form of the Hirota's method, that is well known now and can be found in [10, [12] [13] [14] , will be used to achieve this goal. Hirota and Ito in [6] examined the phenomenon of two solitons near resonant state, two solitons at the resonant state, where it was proved in [6] that two solitons become singular after colliding with each other, in the sense that regular solitons with sech 2 profiles are transmitted into singular solitons with cosech 2 profiles through the interaction. Moreover, we will determine traveliing wave solutions by using the hyperbolic and trigonometric ansatze.
Multiple soliton solutions
In this section we apply the simplified Hirota's bilinear method to study the (3+1)-dimensional nonlinear equation
We first remove the integral term in (6) by introducing the potential ( ) = ( )
to carry (6) to the equation
into the linear terms of (8), and solving the resulting equation for ω we obtain the dispersion relation
and hence θ becomes
To determine R, we substitute
where
into Eq. (8) and solve to find that
A necessary condition for the complete integrability is satisfied only if =
where and are left as free parameters. The last results give the dispersion relation (10) to
Consequently, the auxiliary function (13) 2 (19) obtained upon using the potential defined in (7). For the two-soliton solutions, we substitute
where the auxiliary function ( ) for the two soliton solutions is given by ( ) = 1 + 
and hence
We point out that the (3+1)-dimensional equation (6) To determine the three-soliton solutions explicitly, we substitute the last result for ( ) in the formula ( ) = −2(ln ( )) . The higher level soliton solutions, for N ≥ 4 can be obtained in a parallel manner. This confirms that the (3+1)-dimensional nonlinear evolution equation (8) is completely integrable and gives rise to multiple-soliton solutions of any order.
Travelling wave solutions
In this section we will employ a variety of hyperbolic and trigonometric ansatze to derive new exact solutions for the new (3+1)-dimensional nonlinear equation (5) . The ansatze that will be used are well known in the literature, hence our main concern will be on applying these techniques.
The tanh-coth method
By using the wave variable ξ = + + − ω in (8), and by applying the balance method we find that the solution can be expressed as
Substituting (27) into (8), collecting the coefficients of tanh 2 ( + + − ω ) = 0 1 2, and by setting these coefficients to zeros, we obtain the system (31) and, hence we obtain a singular soliton solution for ( ) = ( ).
The tan-cot method
Proceeding as before we can assume the solution in the form
Substituting (32) into (8), collecting the coefficients of tan 2 ( + + − ω ) = 0 1 2, and by setting these coefficients to zeros, we obtain the system 
and, hence we obtain a singular soliton solution for ( ) = ( ).
Remarks
From (15) and (16) we know that
and as a result. the wave variable becomes 
where the third term in (8) is removed, and the resulting equation will give the same results obtained in this work.
Discussion
In this work we extended the (3+1)-dimensional nonlinear evolution equation by two additional terms namely, 2( ∂ −1
) and . The two additional terms affected the dispersion relation and hence the structure of the obtained solutions.
Multiple soliton solutions were formally derived by using the simplified Hirota's method. Moreover, travelling wave solutions in terms of hyperbolic tan and hyperbolic cot were also derived. The periodic trigonometric solutions in terms of tan and cot were also derived.
